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ABSTRACT
In this Letter I present an alternative solution of the path integral for the radial Coulomb
problem which is based on a two-dimensional singular version of the Levi-Civita transfor-
mation.
Ever since the development of the path integral by Feynman [1] it has been challenge
to calculate the propagator for the Coulomb potential. Due to Feynman himself were
the evaluation of the path integral for the free particle and the harmonic oscillator,
both belonging to a larger class of path integrals which are called Gaussian Path In-
tegrals because they are based on the general quadratic Lagrangian. Nowadays more
path integrals which go beyond the Gaussian form are known. They are the path
integral solutions related to the radial harmonic oscillator [2], also called Besselian
Path Integral, and the path integral solutions related to the Po¨schl-Teller and mod-
ified Po¨schl-Teller potential [3], also called Legendrian Path Integrals. These Basic
Path Integrals are the building blocks for a comprehensive Table of Path Integrals
[4, 5].
Since the path integral solutions of the one-dimensional and radial harmonic os-
cillator were known for a long time, it was a challenge to evaluate the path integral
for the Coulomb potential, one of the most important physical system in quan-
tum mechanics. In 1979 Duru and Kleinert [6, 7] succeeded in its calculation by
means of a transformation known from astronomy [8], and now called space-time
transformation, “Duru-Kleinert” transformation, time substitution, etc. [9]–[22]. 1
In this contribution I would like to present an alternative evaluation of the radial
path integral of the Coulomb problem which is based on a singular version of the
Levi-Civita transformation, which can be seen as a two-dimensional version of the
Kustaanheimo-Stiefel transformation [8], as it has been used for the two-dimensional
Coulomb problem [7, 20]. Let us consider the path integral for the Coulomb problem
(C) in radial coordinates in three dimensions, where the propagator in IR3 has been
separated according to
KC(x′′,x′;T ) =
∑
l∈IN
l∑
n=−l
KCl (r
′′, r′;T )Y n ∗l (ϑ
′, ϕ′)Y n ∗l (ϑ
′′, ϕ′′) , (1)
and l is the usual angular momentum number, therefore
KCl (r
′′, r′;T ) =
1
r′r′′
r(t′′)=r′′∫
r(t′)=r′
Dr(t) exp
{
i
~
∫ t′′
t′
[
m
2
r˙2 +
e2
r
− ~2 l(l + 1)
2mr2
]
dt
}
. (2)
Similarly as in [6] I insert a factor “one” (ǫ = T/N):
1 =
√
m
2πi~T
∫
IR
dy′′ exp
(
− m(y
′′ − y′)2
2i~T
)
=
∫
IR
dy′′ lim
N→∞
(
m
2πi~ǫ
)N/2 N−1∏
j=1
∫
IR
dyj exp
(
im
2ǫ~
N∑
j=1
(yj − yj−1)2
)
. (3)
1Actually, the approach of Duru and Kleinert goes back to an idea by A.Barut presented in an
informal seminal talk in Trieste 1978.
The Kustaanheimo-Stiefel transformation is in fact a special case of the Hurwitz transformation
which works in the dimensions 1,2,4,8.
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We obtain for the path integral (2) in the usual way
KCl (r
′′, r′;T ) =
1
r′r′′
∫
IR
dy′′
r(t′′)=r′′∫
r(t′)=r′
Dr(t)
y(t′′)=y′′∫
y(t′)=y′
Dy(t)
× exp
{
i
~
∫ t′′
t′
[
m
2
(r˙2 + y˙2) +
e2
r
− ~2 l(l + 1)
2mr2
]
dt
}
. (4)
I now consider in IR2 the mapping
A(u) =
(
u1 u2
−u2 u1
)
, u =
(
u1
u2
)
∈ IR2 . (5)
A(u) has the properties
A(u) · u =
(
u21 + u
2
2
0
)
, At(u) · A(u) = (u21 + u22)1l = |u|21l . (6)
Therefore A : IR2 7→ IR+. Hence A is not one-to-one, and it is not allowed to use the
transformation A in the path integral (4) in a na¨ıve way. Instead, following [20], we
must define it on midpoint coordinates in the following way (i = 1, 2; j = 1, . . . , N):
∆rj = 2(u¯1,j ∆u1,j + u¯2,j ∆u2,j) ,
∆uj = 2(−u¯2,j ∆u1,j + u¯1,j ∆u2,j) ,
u¯i,j =
1
2
(ui,j + ui,j−1) ,
∆ui,j = ui,j − ui,j−1) . (7)
We then have (∆rj)
2+(∆yj)
2 = 4(u¯j)
2(∆uj)
2 and At(u¯j) ·A(u¯j) = (u¯j)21l. The Jo-
cobian J(u) of the transformation At(u¯j) for all j = 1, . . . , N reads J(u¯j) = 4(u¯j)
2,
and we define r¯j = (u¯j)
2 for all j. Taking into account this midpoint definition in
the path integral (4) we obtain by performing the transformation r 7→ u be means
of A(u¯j)
KCl (r
′′, r′;T ) =
1
4r′r′′
∫
IR
dy′′ lim
N→∞
(
2m
πi~ǫ
)N ∫
IR2
(u¯1)
2du1 . . .
∫
IR2
(u¯N−1)
2duN−1
× exp
[
i
~
N∑
j=1
(
2m
ǫ
(u¯j)
2(∆uj)
2 − ǫ~
2l(l + 1)
2m(u¯j)
2(u¯j−1)
2 +
ǫe2
(u¯j)
2 −∆V (u¯j)
)]
. (8)
Here, ∆V (u¯j) must be determined via [23]
∆V (u¯j) =
~
2
8m
∑
α,β,γ
(
∂
∂uα
∂uβ
∂uγ
)(
∂
∂uβ
∂uα
∂uγ
)∣∣∣∣
u=u¯j
=
~
2
8m(u¯j)
4 . (9)
I perform a time-substitution on midpoints according to sj− sj−1 = ∆sj = ǫ/4(u¯j)2
and obtain
KCl (r
′′, r′;T ) =
∫
IR
dE
2πi
e−iET/~GCl (r
′′,′ r;E) , (10)
2
with the energy-dependent Green functions GCl (r
′′,′ r;E) given by
GCl (r
′′,′ r;E) =
1√
r′r′′3
∫
IR
dy′′
i
~
∫
∞
0
ds′′ eie
2s′′/~
×
u(s′′)=u′′∫
u(0)=u′
Du(s) exp
[
i
~
∫ s′′
0
(
m
2
u˙2 + E|u|2 − ~2 (2l + 1)
2
2m|u|2
)
ds
]
. (11)
The path integral (11) is the path integral of a radial harmonic oscillator in IR2. We
introduce polar coordinates
u1 = v cos
α
2 ,
u2 = v sin
α
2 ,
0 ≤ α < 4π , v = |u| , (12)
use the expansion of plane waves into circular waves in terms of modified Bessel
functions Iν
ez cosψ =
∑
ν∈Z
eiνψIν(z) , (13)
and the asymptotic expansion [10, 19, 20]
Iν
(
z
ǫ
)
(ǫ→0)≃
√
ǫ
2πz
exp
(
z
ǫ
− ν
2 − 1/4
2z
)
, (14)
and obtain after an α-angular integration over 4π
(
we set ω =
√
−E/2m
)
GCl (r
′′, r′;E) =
2√
r′r′′
∫
∞
0
eie
2s′′/~s′′√
v′v′′
×
v(s′′)=v′′∫
v(0)=v′
Dv(s) exp
[
i
~
∫ s′′
0
(
m
2
(v˙2 − ω2v2)− ~2 (2l + 1)
2 − 1/4
2mv2
)
ds
]
=
∫
∞
0
eie
2s′′/~s′′√
v′v′′
mω
√
v′v′′
i~ sinωs′′
exp
[
imω
2~
(v′
2
+ v′′
2
) cotωs′′
]
I2l+1
(
mωv′v′′
i~ sinωs′′
)
=
1
~
1
r′r′′
√
− m
2E
Γ(1 + l − κ)
(2l + 1)!
Wκ,l+ 1
2
(√−8mE r>
~
)
Mκ,l+ 1
2
(√−8mE r<
~
)
. (15)
Here, use has been made of the well-known path integral identity for the radial
harmonic oscillator [2],
r(t′′)=r′′∫
r(t′)=r′
Dr(t) exp
{
i
~
∫ t′′
t′
[
m
2
(
r˙2 − ω2r2
)
− ~2λ
2 − 1/4
2mr2
]
dt
}
=
√
r′r′′
mω
i~ sinωT
exp
[
− mω
2i~
(r′
2
+ r′′
2
) cotωT
]
Iλ
(
mωr′r′′
i~ sinωT
)
, (16)
3
the integral representation [24]
Mκµ(a)Wκµ(b) =
√
ab
Γ)µ− κ+ 1
2
)
∫
∞
0
ds
(
coth
s
2
)2κ
× exp
(
− 1
2
(a + b) cosh s
)
I2µ(
√
ab sinh s) , (17)
and I have used the usual abbreviation κ = (e2/~)
√
−m/2E. r≷ denotes the
greater/lesser of r′, r′′. From the poles of the Green function GCl (E) we immedi-
ately derive the Coulomb bound state spectrum
ECn = −
me4
2~2(n+ l + 1)2
, n ∈ IN0 . (18)
The bound state wave-functions are obtained in the usual way by considering the
residua in (15), and the scattering states are obtained by an analysis of the cuts of
GCl (E).
I have therefore obtained the radial Coulomb Green function by an alterna-
tive method by using a singular version of the Levi-Civita transformation. The
usual Levi-Civita transformation [7, 19] can be used in the evaluation of the two-
dimensional Coulomb path integral. Actually, the Levi-Civita transformation maps
IR2 7→ IR2: x = ξ2 − η2, y = 2ξη, and the coordinates ξ, η correspond to parabolic
coordinates in IR2 in which the Coulomb problem is also separable, e.g. [15] for an
extensive discussion. For the singular Kustaanheimo-Stiefel transformation in the
case of the three-dimensional Coulomb potential, the resemblance to parabolic co-
ordinates can also be recognised, and in the present case as well; however, in both
cases we must integrate over an additional variable. In all cases we encounter a
path integral for a (radial) harmonic oscillator. Whereas in the three-dimensional
Coulomb potential the non-uniqueness of the transformation appears quite natu-
rally and leads to an isotropic harmonic oscillator in IR4, the transformation (7)
looks somewhat circumstantial, because the one-dimensional transformation r = u2
(u > 0) also does the job in a much simpler way [25]. The virtue of (7) lies in the
fact that it demonstrates once again the importance of the Kustaanheimo-Stiefel
transformation, it points out that singular transformations also work in the path
integral, and that it emphasizes a singular transformation may be in other cases the
only means which work.
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